THERMAL STRESSES IN AN ELASTIC HALF-SPACE

L. N. Germanovich and I. D. Kill' UDC 539.319(075.8)

The method of thermal fracture of brittle bodies becomes more and more widespread in
recent times (see [l], for instance). Here the analysis of stress fields and of domain
fracture occupies an important place. Arnd since the fracture time is ordinarily quite small,
then obtaining simple asymptotic expressions for the stresses in small times becomes quite
valuable. FEven more so when a real analysis by formulas expressing the exact solution is
made extremely difficult, as a rule, by the necessity to integrate over infinite domains and
to perform summations for finite awkward expressions containing singularities.

The model of an elastic half-space with local heating of the surface [1] is quite wide-
spread in investigations of thermal fracture from the macroscopic aspects of strength cri-
teria. :

The first term of asymptotic expansions of the temperature and stress is found in [21
for boundary conditions of heat conduction of the first kind. The examination of conditions
of the third kind is also of interest [1].

1. We consider the elastic half-space z == 0 on whose boundary heat transfer occurs ac-
cording to Newton's law from the medium z < 0 in the cylindrical r, ¢, z coordinates. The
temperature of the medium is @ = 0of(r), where the domain of values of f(r) is the segment
[0, 1]. Find the temperature and stress within the elastic half-space whose initial tempera-
ture is T = 0.

This problem is solVed in [3] for

J(r) = exp (—1%48) (8 = const). (1.1

L.
The exact solution for small times is then represented in the form of convergent series.
Replacing the series by finite sums, the author obtained an approximate solution whose error
was not determined. In said work [3]., exact and approximate solutions were postulated for
certain classes of functions f(r). For this case, an investigation into the accuracy of the
approximation is in progress.
2. It is convenient to reduce the heat-conduction boundary-value problem

AT/t = aAT, Tlq =0,

IT/02)cs = (T lig — ©), T = Ty = 0 (2.1
to dimensionless quantities by setting
0 =019, T'=T0,, 7=zl V& Kk =hV S, t = al}b, (2.2)

where V3 is a certain characteristic dimension as in (1.1), say. Then, omitting the primes
for brevity in (2.2), we write (2.1) in the form

9T/t = AT, T|y =0,

. (2.3
0T/0z = h(T sy — J(), Ty = Ty = 0.
Applying the Laplace transform in t to (2.3), we obtain
¥ oox AT%, 0T%0z = h(T*|,—y — f(r)is) (T* = LT,
(2.4)

where Lg is the operator of the Laplace transform with parameter s.
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In turn, we apply the zero order Hankel transform in r to (2.4). We have

BT*/dz? = (s = W)T*, dT%dz),_, = h(T* |,y — J(M)'s), (2.5)

~

where [* = H,[T*};H, is the Hankel transform operator with parameter X:
Ty = Hu 7 (01 = { rf(r) 7y (hr) dr. (2.6)

Solving the ordinary differential equation (2.5) and inverting the Hankel transform, we
find
R ~ }10—21/”'7;2
T* = y’»f A J ;‘\.I" d}\.. (2- 7)
() 0( )S(st~7\.2-‘r—}2) '

0

Substituting (1.1) for § = 1, which corresponds to dimensionless coordinates, into (2.6)

we obtain [4]
J(h) = Zexp (—A%.
(2.8)

Then (2.7) agrees with the expression from [3]. This circumstance should be used to
determine the original of the temperature, and the Laplace transforms and originals in the
general case. They are obtained from those found in [3] by the formal replacement of (2.8).
These formulas are not presented here because of their moderate practical value since they
require the evaluation of improper integrals of awkward expressions contalnlng eliminable
singularities.

Let us note that it is sufficient for the existence of the direct and inverse Hankel
transform that £(r) be a function of bounded variation and integrable on the half-line [0, «)
[5].

Another method of obtaining the exact solution is described in [2]. However, it also
reduces to relationships possessing the disadvantages described above, in full measure.
Hence, an asymptotic for t - 0 is shown in [6] for the case of giving the temperature on the
half-space boundary.

Convergence of the integrals in whose terms the exact solution is expressed is to be
verified. Such a verification is performed in all the examples presented here.

3. Henceforth, we limit ourselves to functions f£(r) for which the integrals

F) T (ry e

°~’3

A () = AT 1500y dh, By, 5) =
)

converge for i =1, 2, ..., j = 0, 1. For these functions an approximate solution is ob-
tained successfully for small t which is more convenient for computations than is the exact
solution.

Let Lf' denote the inverse operator to Lg. Here t is the argument of the original.
We then have from (2.7)

i1

[ ot he=2V's
s (W) T o (hr) d25 I [mz—}dt,

from which, by setting

—-2¥Vs
iz £y L7t I-—-—ilf————-—-.-' =
Fu (2, ) t l Fsome i (m 0,1,.. D,

we find
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o t
~ . " , A2 , N 12;\""»3 N+1 C 1%
I = jw (1) Ty (Ar) dh | [ P T e e A L J it 0<i<y G
0 o L7=0
by the Taylor theorem.
By using the obvious equality
t
Y fulz, dv=fo (2, t) (B=0,1,...),
1]
we can prove by induction that
t n 1 By
, n —
Pn (Z, I) e (___ 1)"1 Sfo (Z, ’C) T d‘[; === 2 i@%‘%#‘fﬁ:-—?l (Z, l) (n == O, 1, .. .},
0 h=-0 a
from which and from the boundedness of fo(z, 1) (see [7]) there follows
@n = 0" V) (I — 0).
Integrating (3.1) term by term, we obtain
R R
. — ™ -k
I'= %0 ’);O'mﬁflama,o(f) 7 e (2, 1) 4 T, (.2)
where
q
T = 2 \
(3.3)

It is seen from (3.3) that T(N) = O(py41) (& » 0). Moreover, it can be shown that @p41 =

o(g,) (t—0) . Hence (3.2) yields an asymptotic expansion in the system of functions {Fg}
as t - 0,

Asymptotic expansions for the stresses are found analogously. The final answer has the
form

23

) ~ vv“‘q (e 4T PR ) [T :
T Zd zl L()TT‘_ Apnro () 1" aga (20 1), o9

n=0 k=0

T T r "}‘ th {[B"l (T Z)Z--z (1“11') Bll. (r.z Z)}/r - BsO (l', Z)Z+2B'20 (T‘, Z)} +

S e (— fymtnth r— ,
+ 2 Z 2 =k —-ml {(A2nyo,n (N/r — iz o (1) framia (2, 1) —
7= k= m=(

~ U Banysp (1) 2) 2 4+ Banga 1 (v, 2) (hz — 1) — 20 Bang11 (r, 2))/r —
- er4 o7, 2) 2~ Bonygo(r, 2) (hz — 1) -5 21 Bonye o (1, 2) +-
+ 20 (Bonyoa (15 2) - hBania 1 (7 2)Y5] frimsa (0, D)},
Ggp == — T + th{l— By (r, 2) 24 2(8 — ) By (r, 2)l/r -1 2uBy (1, 2)} +

o n Nk

o) 1 +-h4m —hm
X D A e B (Va0 )

n=0 k=0 m=9
"" [‘)“(18’71101(77 Aa) T hB’nLl]_(r, u\]/’ - B’n+30( y Z\ - }Lan ( Zx)) ‘;L—
4 (Bausan (1, 2) 10z — 1] -1 Banyga (v, 2)2— 2hBany1 (1, 2))7] f!r!»me—g {0, B},
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= By 2) 4 gy :ﬁ da m Tn -~k m)
Qs M

Baniso(r5)e + Bango(r, 2) (1 1 22 fagmaa (0, 1)},

“lr miEn -
st {“2::#30("} fremso (2, 1) —

XU 7 n~«l«;

\ N WY (— 1)1 tm-pn b
G, == IB“ (.", Z)'J - i}:ﬂ(l', Z)] th R 2 ‘\H s, '—"’L—'_—_:'m l“ k mx

n=q h=q¢ m-~g

S A 1 (M) P g (55 1) = Thgmie (2 O — [Baarsn (7, 2) ha ~ Bayaa1(r, 2) b Byngy 1 (7) 2) 2] fasmsa (0, 0}

where

) (3.5)

and it can be shown on the basis of formulas in [4, 7] that

2 2
R opmL Iy g2 T 2
S P L e fo
Gz ) - pire - [gwew (e elegz )] L

== ——

2Vt

. . 1 d ‘ !
fm i} -‘-""Tlm 1(~ () ': u"m(gvt)“,l‘rt lFm(Z: t) (’n: l! —)-: ):
;-z
. LT 12 by ST 7
(2, 1) — —r o - Je erfo = --hV t.
Jot ) V o ( 21’/5 ! V )

Going over from dimensionless stresses to dimensional stresses is realized by multiply-
ing by D = qE0e(1 — u)~ ', where E is Young's modulus, u is the Poisson ratio, and « is the
coefficient of linear temperature expansion.

The error that the asymptotic formulas (3.4) yield can bedetermined by estimating (3.3)
and analogous integrals for the stress (see below).

4, Let us examine examples. In dimensional and dimensionless coordinates, take re-
spectively

= &Y O fin) = UV T D
(4.1)

On the basis of relationships from [4] we find

7(}\') = ek, Aij = ["ij(‘) ]gz_y T '11(1 J— ")

) ’“ (V 2ot »-—1) (4.2)
@t VJ 4

Since fo = 3f,;/3t, and fi(z, t) is the solution of the heat-conduction problem for a

semibounded rod of initially zero temperature with heat transfer according to the Newton law
from a medium of unit temperature at the end {8], then

Figlay = (-

folz, 1220, 0 fi(z, ) << L. (4.3)

Using (4.3), we obtain an estimate of the error which (3.4) yields if N + 1 terms of
the series (the N-approximation) are kept

Ny - (2N -F 3} 2N -4 7 1Y .N+2
7 )\T;—TT)‘)“ Y (2,0, iG(\)l<~W——1—J),(lN +7) ('Z';“ EZ)EA f1(0, 1),

7 AN -4 - o 3 N+2
ol < S (2N 45+ (2 2} 00,0,

; o )/
o] <GBy 104 2) ™42, (0,),

¢ N - A SAT
ol ER T e (2N 454 20 /1 (0, NP7
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For the Gauss distribution (1.1) the coefficients A;; and Bjj are not expressed suc-
cessfully in terms of tabulated functions; however, the aBymptotic series (3.4) become con-
vergent and the estimate of the approximations becomes considerably better

1
)< 17 1, (o, 0, o0 << O 4 2) (k1) (] r) 0,0,
L T 6 . { i -
o<+ 2+ (2 4) (0, 1), Jo ) < (N + z)(z L)
Nyg 1
~ tN+)f1(O t), !G(N) (N 52k -+ (2R 1 1) £,(0,0)] A 2—‘/5'

Moreover, the integrals in the expressions Ais and B11 converge quite rapidly because
of the Gaussian exponential in the integrands. Hence, their computation, although more com-
plex than by means of (4.2), is of no special difficulty.

Let us note that a computation of the stresses by means of (3.9) for the "domelike"
Terezawa function [9] is just as simple as for (4.1) since even in this case the coefficients
Aij and Bij are expressed in terms of elementary functions.

Calculations show that for h < 50 and t < 0.01 the zeroth approximations for (1.1) and
(4.1) yield an error of several percent. The results for 0,, and 0y, turn out to be compres-
sible only for small, and not even for all, values of z as is obtained in [3]. This is ex-
plained by the less successful selection of the system of functions O,p and Og, used in our
paper, which yields a smaller error of the approximations and permits a more exact clarifica-
tion of the nature of the stress.
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